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Abstract

This paper builds a model to deal with dynamic interdependence between
different countries’ birth rates, mortality rates, populations, wealth accumulation,
and time distributions between working, leisure and children caring. The model
shows the role of human capital, technological and preference changes on national
differences in birth rates, mortality rates, time distributions, population change, and
wealth accumulation. The economic mechanisms of wealth accumulation,
production and trade are based the Solow growth model and the Oniki-Uzawa trade
model. We use the utility function proposed by Zhang to describe the behavior of
households. We model national and gender differences in human capital, propensity
to have children, propensity to use leisure time, and children caring efficiency. We
describe the dynamics of global economic growth, trade patterns, national differences
in wealth, income, birth rates, mortality rates, and populations with differential
equations. We simulate the model to show the motion of the system and identify the
existence of equilibrium point. We also examine the effects of changes in the
propensity to have children, the propensity to save, woman’s propensity to use leisure,
woman’s human capital, and woman’s emotional involvement in children caring on

the dynamics of the global and national economies.

Keywords: propensity to have children; birth rate; mortality rate; population

growth; gender; international trade; time distribution; wealth accumulation
JEL classification: 047, 057
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1 INTRODUCTION

This study deals with global dynamic interdependence between economic
growth, population growth, and inequalities in income and wealth in a multi-country
model with free markets and free trade. It builds a trade model with endogenous
wealth, endogenous birth and mortality rates, population dynamics, time distributions
between leisure, work and children caring under perfectly competitive markets and free
trade. The model is built on the basis of the Solow neoclassical growth model, the
Oniki-Uzawa trade model, and some neoclassical growth models with endogenous
population. We integrate these approaches by applying the utility function proposed in
a unique manner by Zhang to determine saving and consumption.

This study is concerned with global economic dynamics with multiple
countries. As far as a country’s economy is concerned, this paper is strongly
influenced by the Solow model (Solow, 1956; Burmeister and Dobell, 1970;
Azariadis, 1993; Barro and Sala-i-Martin, 1995). The model of this study is built
within the framework of neoclassical growth theory. We follow the Solow model in
modeling economic production and wealth accumulation. Nevertheless, we analyze
household behavior by the approach proposed by Zhang (1993). With regards to
capital mobility and trade, our model is based on the neoclassical growth trade model.
According to Findlay (1984), almost all the trade models developed before the 1960s
are static in the sense that the supplies of factors of production are given and do not
vary over time. An early trade model with endogenous capital and capital movements
is provided by Oniki and Uzawa (1965). They examine trade patterns between two
economies in a Heckscher-Ohlin model with fixed savings rates. Deardorff and
Hanson (1978) propose a two country trade mode with different saving rates across
countries. There are some other growth models with international trade (e.g.
Brecher et al., 2002; Nishimura and Shimomura, 2002; Ono and Shibata, 2005). But
none of these models with endogenous capital accumulation contain endogenous
population changes. It should be also remarked that most of trade models with
endogenous capital in the contemporary literature are either limited to two-country
or small open economies (for instance, Wong, 1995; Jensen and Wong, 1998;
Obstfeld and Rogoff, 1998). It is necessary to deal with trades and growth with an
analytical framework with any number of countries as the world does consist of many
countries and trades occur among multiple countries. Our model is built for any
number of countries.

It is a challenging topic to introduce endogenous population dynamics into

economic trade growth model. Even to describe dynamics of a world economy with
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two national economies, it is almost impossible to avoid higher dimensional
nonlinear dynamic analysis. Analysis of higher dimensional differential equations
tends to be too complicated with help of computer. This is perhaps a main reason
that most of economic growth theories omit dynamics of population, even though
interactions between economic growth and population change have been a
challenging question in economics even since Malthus published his 4% Essay on the
Principle of Population in 1798. This study is to examine dynamic interactions
between wealth accumulation and population dynamics with endogenous birth rates
and mortality rates in a multi-country neoclassical growth framework. There are
many factors, such as changes in gender gap in wages, labor market frictions, and age
structure (Galor and Weil, 1999; Adsera, 2005; Hock and Weil, 2012). Bosi and
Seegmuller (2012) study heterogeneity of housecholds in terms of capital
endowments, mortality, and costs per surviving child. Varvarigos and Zakaria (2013)
examine interactions between fertility choice and expenditures on health in the
traditional overlapping-generations framework. Another determinant of population
change is mortality rate (Robinson and Srinivasan, 1997; Lancia and Prarolo, 2012).
This study is influenced by these studies.

Our study is strongly influenced by the literature of the neoclassical growth
theory and the literature of population growth and economic development. A unique
contribution of this paper is to model population growth of multiple countries in the
framework of the Solow growth model with endogenous wealth accumulation and
gender time distribution between work, leisure and children caring. The paper
analyzes the link between wealth growth, economic growth, gender division of labor,
and population growth. The physical capital accumulation is built on the Solow
growth model. The birth rate and mortality rate dynamics are influenced by the
Haavelmo population model and the Barro-Becker fertility choice model. We
synthesize these dynamic mechanisms in a compact framework, applying an
alternative utility function proposed by Zhang (1993). The model is actually a
synthesis of Zhang’s two models. Zhang (1992) develops a model of global growth
model with capital accumulation and international trade. Zhang (2015) develops a
growth model with endogenous population with a homogenous houschold. The
paper is organized as follows. Section 2 introduces the basic model with wealth
accumulation and population dynamics. Section 3 simulates the model. Section 4
carries out comparative dynamic analysis with regard to some parameters. Section 5
concludes the study.
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2 THE BASIC MODEL

The model is a synthesis of the two models by Zhang (1992, 2015). The
production aspects are based on the Solow growth model (Solow, 1956). The world
consists of J countries. Countries are indexed by j, j=1,..J. All the countries
produce the internationally homogenous capital good. Each national economy has
one sector, producing a single commodity for consumption and investment. In

country j capital depreciates at a constant exponential rate o, which is

independent of the manner of use. This assumption follows the traditional Oniki-
Uzawa trade model. Ikeda and Ono (1992) show that most of trade models with
endogenous capital are structured like Oniki-Uzawa trade model and its various
extensions with one capital good. Like Zhang (1992), we also follow this traditional
analytical framework. Households own assets of the economy and distribute their
incomes to consume and save. The production sectors use capital and labor.
Exchanges take place in perfectly competitive markets. Factor markets work well;
factors are inelastically supplied and the available factors are fully utilized at every
moment. Saving is undertaken only by houscholds, which implies that all earnings of
firms are distributed in the form of payments to factors of production. We omit the
possibility of hoarding of output in the form of non-productive inventories held by
housceholds. We require savings and investment to be equal at any point in time. Let
prices be measured in terms of the capital good and the price of the capital good be

unit. We denote wage and interest rates by w, (t) and 7, (t), respectively, in the jth

country. In the free trade system, the interest rate is identical throughout the world
economy, i.c., r(l‘) =7 (t) Houscholds own assets of the economy and distribute
their incomes to consumption, child bearing, and wealth accumulation. The
population of each gender is homogeneous. We assume that each family consists of
husband, wife and children. All the families are identical. We use subscripts g =1
and g = 2 to stand for man and woman respectively. We use N, (¢) to stand for the

population of each gender in country j. Country j has the population, 2N, (t)
We use (, q)to index a person of gender ¢ in country j. Let qu(l‘ ) and qu(t )

stand for work time and time spent on taking care of children of (J, q) and N, ()

for country j’s flow of labor services used in time ¢ for production. We have N, (¢ )

as follows
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¥ 0)= Sl 7,0 + haTolV 0, =10, &

J=1

where £, is the level of human capital of person ( j, q).

The production sector in country j

The production sector uses capital and labor as inputs. Let K, (t) stand for the

capital stock employed by country j at time #. We take on the following form of the

production function

Ft)= 4, K7 ()N (1), e, B, >0, a, + B, =1, )

J

where F, (¢) is the output level, and 4;, a;,and B, are parameters. Markets

are competitive; thus labor and capital earn their marginal products. The marginal

conditions are

e, = 9 0B e o
Consumer behaviors

We use an alternative approach to houschold proposed by Zhang (1993).
Households decide time distribution, consumption level of commodity, number of
children, and amount of saving. To describe behavior of consumers, we denote per

family wealth by l;j. (¢). Per family current income from the interest payment and the

wage payments is
3, (0) = 0, 0) + [, 7,0) + By T (0)o 0)

We call yi(t) the current income in the sense that it comes from consumers’

payment for efforts and consumers’ current earnings from ownership of wealth. The
total value of wealth that a family can sell to purchase goods and to save is equal to
l;j. (r). Here, we assume that selling and buying wealth can be conducted
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instantaneously without any transaction cost. The disposable income per family is given

by

3,(0)=y, () + &, (0). (4)

Let n, () and Dy (¢) stand for the birth rate and the cost of birth. According to

Soares (2005) parents' utility depends not only on their surviving offspring, but also
on length of each surviving child's lifespan. Following Zhang (2015), we assume that
children will have the same level of wealth as that of the parent. In addition to the time

spent on children, the cost of the parent is given by

Py (1) = n,(0)k; o). (5)

Here, we neglect other costs such as purchases of goods and services. We

consider the following relation between fertility rate and the parent’s time on raising

children

T,()=0,n) 6, =0. (6)

J Jq9 J Jq

The specified function form implies that if the parents want more children,
they spend more time on child caring, This linear formation is a strict requirement as
child caring tends to exhibit increasing return to scale. For instance, the time per child
tends to fall as the family has more children. Clothes and housing are shared among
family members. In this stage of modelling we assume constant return to scale because
this assumption makes the analysis mathematically tractable.

The household distributes the total available budget between saving, s, (1),

consumption of goods, ¢, (¢), and bearing children, p . (¢). The budget constraint is

p,(0)e, () 5,(0)+  (O)n ()= ,0). )

We consider that except work and child caring, parents also have their leisure.
We denote the leisure time of person ( j, q)by YN}q (t) Each person is faced with the

following time constraint



Wei-Bin Zhang

Endogenous Population Dynamics and Economic Growth with Free Trade between
Countries

L)+ T,(0) + T,e) = T, (8)

where T is the total available time for leisure, work and children caring.

Substituting (8) into (7) yields

ple)e, () +5,() + &, (0)n, () + T, (O)w,, (1) + T, (0w, (0) + T, (0w, () + T, (0w, (1) = 7,

©)

where

7,(6) = (14 A (0)+ b, (0)+ w (O

The right-hand side is the “potential” income that the family can obtain by
spending all the available time on work. The left-hand side is the sum of the
consumption cost, the saving, the opportunity cost of bearing children, and opportunity

cost of leisure. Insert (6) in (9)

where

%j(l‘) = kj(t) + hj Wj(t)9 hj = Hjl hjl + 01'2 hﬂ'
The variable w ; (t) is the opportunity cost of children fostering. We assume
that the parents’ utility is dependent on the number of children. We assume that the
utility is dependent on ¢; (2), s ; (¢), T, (), and n, (¢) as follows

Jq
U(e) = i (0)s7 (T ()T () ().

where £, is called the propensity to consume, A, the propensity to own wealth, o,
the gender ¢'s propensity to use leisure time, and v, the propensity to have children. The

first-order condition of maximizing U, (t) subject to (13) yields
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¢,()=85,0). s,0)=27,). T

1
St A+ 0,0+ 0, +U;,

5 =080, 4 =Pk, 04y =P; 05, V; =0V, P; =

The birth and mortality rates and population dynamics
According to the definitions, the population change follows

where 7, (t) and d, (¢) are respectively the birth rate and mortality rate. Our

modelling of birth and mortality rates is influenced by different ideas in the literature of
economic growth and population change (e.g, Haavelmo, 1954; Razin and Ben-Zion,
1975; Stutzer, 1980; Yip and Zhang, 1997; Chu et al., 2012; and Tournemaine and
Luangaram, 2012). Following Zhang (2015), we assume that the mortality rate is

negatively related to the disposable income in the following way

<

a ()20 (13)

vl

where 7, =2 0, a; = 0. We call ¥, the mortality rate parameter. As in the Haavelmo

model, an improvement in living conditions implies that people live longer. The term N f’ (t)

takes account of possible influences of the population on mortality. For instance, when the
population is overpopulated, environment is deteriorated. We may take account of this kind of

environmental effects by the term. In this case, it is reasonable require b; to be positive. It
should be noted that the sign of b, is generally ambiguous in the sense that the population may

also have a positive impact on mortality. Insert (10) and (13) in (12)

10
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N (2). (14)

The equation describes the population dynamics.

Wealth dynamics

We now find dynamics of wealth accumulation. According to the definition of s, (1),

the change in the houschold’s wealth is given by

E0= 5,0~ 5,0)= 4,57, - & 0). (s)

The value of physical wealth and capital
The value of global physical capital is equal to the value of global wealth

SE N, ()= k(). (16)

Global capital being fully employed
The assumption that the global capital is fully employed implies

SK,(1)- K(0). (17)

=

Demand for and supply of goods
As the global output is the sum of the net savings and the depreciations of
capital, we have

J J
=1

S(t) - K(¢) + 26@ K (t)= EFj(t),

J J

(18)

11
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where S(t)— K(t)+ Ejélg. Kj(t) is the sum of the net saving and

depreciation and

B,(1)= (K, () - K, (1))r(0). (19)

When B, (¢) is positive (negative), we say that country j is in trade surplus

(deficit). When B, (t) is zero, country j's trade is in balance.

We have thus built the dynamic model. It can be seen that the model is a
unification of the neoclassical growth theory, the neoclassical growth model with trade,
and some ideas in the literature of population dynamics with Zhang’s approach to the
household behavior. For instance, the Solow model, the neoclassical one-sector growth
trade model, and the Haavelmo model can be considered as special cases of our model.
Moreover, as our model is based on the some well-known mathematical models and
includes some features which no other single theoretical model explains, we should be
able to explain some interactions which other formal models fail to explain. We now
examine dynamics of the model.

3 THE DYNAMICS AND ITS PROPERTIES

This section examines dynamics of the model. First, we introduce

%Q)Erﬁ)+§m.

w (t)

We show that the dynamics can be expressed by differential equations with

z, (t), {l;j (t)} and (Nj (l )) as the variables. Here, {];j (t)}s (/;2 (Z), e ke, (t))

Lemma

The dynamics of the economic system is governed by

12
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O W) =1, (20)

where Q (r)and A, (¢) are functions of z(¢), (I; (t)) and (N ; (Z)) defined in

J
the Appendix. Moreover, all the other variables are determined as functions of z, (t),
(E(t)) and (Nj (1)) #(¢)and w,(t) by (A2) >k (r)by (A13) > N, (¢) by (A7) >

J

~

¥,(6) by (A3) > ¢ /(¢), s,(t), T, (1), and n,(¢) by (1) > T, (¢) by (6) > 7, (c) by
(A6)> K(¢) by (A7) > F,(t) by (2).

The differential equations system (20) has 2./ variables. As demonstrated in

the Appendix, the expressions are complicated. It is difficult to explicitly interpret
economic implications of the equations. We simulate the model to illustrate behavior

of the system. We specify the parameters as follows

a, =025, b, =05, a, =04, 8, =3, =005, &, =006, T, =24,

AN (12Y (BN (2 (hy\ (15\ (E.\ (0.2 (A,\ (0.6) (v,
A= 1| |y |=]15], [hy|=| 1|, [&|=]02], | Ay |=]055], |vy|=
4] (08) () (1] \ay) 05) (&) |02] (A,) |05 vy,

(9]

o) (01 (0,) (0.13) (%) (0.02

0.5
0.6,
0.7

61
Oy | =012, |00 | =]0.14], |7,|=] 003, |6, |=]02], |6, |=]03]
2

o) 1016) loy,) (018) |%] 0.035

For the same gender, country 1I’s human capital is higher than country 2°’s
and country 2’s human capital is higher than country 3’s. The total productivity
factors vary between countries. It should be remarked that although the specified

values are not based on empirical observations, the choice does not seem to be

13
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unrealistic. In many studies (for instance, Miles and Scott, 2005, Abel ez 4/, 2007) the
value of  in the Cobb-Douglas production function is approximately 0.3. The

relative propensities are listed as follows

v\ 0327y (v, \ (0373\ (v, ) (0.402
Al 0392 [ A | [0342] | A | |0.287
E [=]0131], | & |=|0.124], | & |=]0.115].
o, | 0065 |o,| [0075| |0y, | ]0.092
o, 0085 |o,) |0.087) |0y, |0.103

Country 1’s propensity to have children is lower than country 2’s and
country 2’s propensity to have children is lower than country 3’s. Both man and
woman of country 3 have the highest propensities to stay at home. Country 1 has
the highest propensity to save. The father has lower propensity to pursue leisure than
the mother. In regard to the preference parameters, what are important in our study are
their relative values. To follow the motion of the system, we specify the initial
conditions

z,(0)= 0238, k,(0)=34, k(0)=10, N,(0)=91200, N,(0)=39900, N,(0)=22900.

The simulation result is plotted in Figure 1. The population grows from its
low initial condition. As the population rate rises, the mortality rate is also increasing,
The labor force is increased and the wage rates are reduced. The falling wage rates
reduce the opportunity cost of children fostering, resulting in the rise of birth rate.
The rising in birth rate is associated with rising in both man’s and woman’s time of
children fostering. As the income falls, both men and women work longer hours.
Their leisure hours are reduced. The national wealth and output are increased in
association with rising labor force. Nevertheless, both consumption level and wealth
per houschold are reduced. Some studies confirm that there is a decline of the
fertility rate alone the process of economic development (e.g., Kirk, 1996; Ehrlich
and Lui 1997; Galor, 2012). From Figure 1 we can see that relations between
consumption and birth rates vary for different groups in different stages of economic
growth.

14
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Figure 1. The Motion of the Economic System

It is straightforward to confirm that all the variables become stationary in the long term.

This implies the existence of an equilibrium point. The simulation confirms the existence of the

following equilibrium point

K =6.49x10°, N =533x10°, F =822x10°, r=0266, N, =91667, N, =39741,

N, =22991, N, =5.33x10°, N, =1.68x10°, N, =567067, K, =4.97x10°,
K, =123x10°, K, =295285, F, =6.28x10°, F, =1.55x10°, F, = 385368,

no=d =082, n,=d, =1.07, n, =d, =138, w, =177, w;, =133, w,, =1.04,

wy, =0.69, wy, =051, wy, =026, T, =18.47, T, =18.53, T, =18.66,

T,=14.14, T, =14.48, T,, =12.02, T, =545, T, =525, T, =520,

=0.08,
57.86,

T,=945, T, =919, T,, =11.71,
T,=041, T, =032, T, =028,
¢, =19.29, ¢, =9.11, ¢, =3.32.

Tsz Tl 1 le
T32 kl = kz

15

=022, T, =0.14,
=25.05, k, =8.29,



Social Sciences and Education Research Review (3) 1 /2016

The countries have different populations. These differences are due to the
differences in human capital, the propensities to have children, and other factors.
Our dynamic comparative statics will demonstrate how changes in these determining
factors will affect the population dynamics. Before effectively conducting dynamic
comparative analysis, we guarantee stability of the equilibrium point. We calculate

the six eigenvalues

-297, -2.13, -1.63, -0.68, -0.6, -0.54.

As the ecigenvalues are negative, the unique equilibrium is locally stable.
Hence, the system always approaches its equilibrium if it is not far from the
equilibrium.

4 COMPARATIVE DYNAMIC ANALYSIS IN SOME
PARAMETERS BY SIMULATION

We simulated the motion of the national economy under (21). We now
examine how the economic system reactions to some exogenous change. As the lemma
gives the computational procedure to calibrate the motion of all the variables, it is
straightforward to examine effects of change in any parameter on transitory processes as

well stationary states of all the variables. Before conducing dynamic comparative analysis,

we introduce a variable Kxj (l‘) to stand for the change rate of the variable, x, (t ), in

percentage due to changes in the parameter value.

Human capital of country 1’s woman being improved

Stotsky (2006: 18) argues that “the neoclassical approach examines the
simultaneous interaction of economic development and the reduction of gender
inequalities. It sees the process of economic development leading to the reduction of
these inequalities and also inequalities hindering economic development.” There are
many other studies about gender inequalities (e.g., Beneria and Feldman, 1992, Forsythe,
et al. 2000). As our model is a general equilibrium model with international trade,
endogenous wealth, and and endogenous population, we can deal with complicated
relations between different variables. We now examine how the following rise in the
human capital of country 1’s woman affect the global economic and population

dynamics: /,:1.5=>1.7. The result is plotted in Figure 2. The global labor force,
global output, and global capital are enhanced. The rate of interest is reduced. The wage

16
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rate of country 1’s woman is increased and the wage rates of other groups are slightly
increased. Country I’s population and labor force are increased and the other two
countries’ labor force and population are slightly affected. For country 1, the
opportunity cost of child fostering is increased in association with the mother’s wage
rising. At the same time, the wage rate increased. The net result on the country’s birth
rate is that it falls. Country’s mortality rate falls more than the birth rate till the two
rates converge. All the countries produce more and employ more capital. Country Is
level of national wealth is increased and the other two countries’ levels of national
wealth are slightly affected. Country 1’s representative household has more wealth and
consume more. The consumption and wealth levels of the other two countries’
households are slightly affected. Country 1’s man works less hours and woman more
hours. The time distributions that country I’s parents spend change correspondingly.
The mother from country 1 works more hours and the father works less hours. The
father has more leisure time and the mother has less. The parents reduce the hours on
children fostering. With regard to the effects on the other two countries’ time
distributions, each one works longer hours and has less leisure time. The long term
effects reduce slightly the two countries’ birth and mortality rates.

17
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Figure 2. Human Capital of Country 1’s Woman Being Improved

Country 1I’s mother spending more time on per child fostering

We consider what happen to the global economic growth and population dynamics when
country 1’s mother spends more time on per child fostering in the following way: 6,,: 0.5 = 0.7.
The result is plotted in Figure 3. Country 1’s mother spends more time on children caring and
the father slightly changes his time on children caring. Both the father and the mother spend less
time on leisure. The mother works less hours and the father works a little more hours. The other
two countries’ parents slightly increase work hours and reduce leisure time. The global wealth,
capital and output are reduced. The rate of interest falls and all the wage rates rise. Country 1’s

population is reduced and other two countries’ populations are slightly increased.

18
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Figure 3. Country 1’s Mother Spending More Time on per Child Fostering

A rise in country 1’s total factor productivity

We are now concerned with how country 1’s total factor productivity affects economic
growth and population change. Technological change in the traditional Solow model has positive
effects on the long-term economic growth. We now increase country 1’s total factor productivity
as follows: 4, :1.2 =>1.3. The simulation results are plotted in Figure 4. As the productivity is
enhanced, the global output, wealth and labor force are increased. In the long term all the wage
rates are increased. The rate of interest rises initially and falls in the long term. Country 1’s
population rises. The other two countries’ populations are reduced slightly and are affected
slightly in the long term. Country 1’s birth rate is increased and mortality rate is reduced initially.
They are slightly affected in the long term. The other two countries’ birth and mortality rates vary
initially and are slightly affected in the long term. As shown in Figure 4, country 1’s representative

household consumes more and holds more wealth.

19




Social Sciences and Education Research Review (3) 1/2016

Figure 4. A Rise in Country 1’s Total Factor Productivity

A rise in country 1’s propensity to have children

Tournemaine and Luangaram (2012: 925) observe that “depending on the country,
population growth may contribute, deter, or even have no impact on economic development. This
ambiguous result is explained by the fact that the effects of population growth change over time. For
example, a higher fertility rate can have a short-term negative effect caused by the cost of
expenditures on children whereas it has a long-run positive effect through the larger labor force it
generates.” As interactions between population change and economic growth are complicated, it is
expected that there may be positive, negative or even neutral interdependence between economic
growth and population change. We now examine the effects of the following rise in country 1’s
propensity to have children: v,: 0.5= 0.52. The simulation results are plotted in Figure 5. As

country 1 has more interest in having more children, the country’s birth and mortality rates rise. The
rise in the mortality rate is due to the reduction in consumption level and the rise in the birth rate is
due to the strengthened preference for more children. The net consequence results in the population
expansion. We see that the other two countries’ mortality and birth rates vary. In the long term the
birth and mortality rates in the two countries are increased slightly. The global output, capital and
labor force are increased. The rate of interest rises and the wage rates of all the groups fall. Country
I’s population is increased and the other two countries’ populations are reduced slightly. Country 1
produces more and employs more capital. The other two countries produce less and employ less
capital. Country 1 has more wealth and the other two countries have less wealth. Country 1’s man
and woman work more hours, spend less hours on leisure, and spend more hours on children caring.
Country 2’s (3’s) man and woman work less hours, spend more hours on leisure, and spend less
hours on children caring initially and more hours in the long term. The per household consumption
and wealth levels are reduced for all the households in the in the global economy.
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Figure 5. A Rise in Country 1’s Propensity to Have Children

Country I’s income having stronger impact on the mortality rate

We now examine what will happen to the economy when country 1’s mortality rate is more
negatively related to the disposable income in the following way: g,: 0.4 = 0.41. The result is
plotted in Figure 6. Country 1’s population and labor force are increased. The other two countries’
populations and labor forces are slightly affected. The global labor force, capital and output are
increased. The rate of interest falls and the wage rates of all the groups rise. Country I’s output and
capital input are increased and the other two countries’ output levels and capital inputs are slightly
increased. Country 1’s mortality rate is reduced and birth rate is slightly affected. The other two
countries’ birth and mortality rates slightly vary over time. There are also slight changes in the time
distributions. The consumption and wealth levels of all the groups are increased.
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Figure 6. Country 1’s Income Having Stronger Impact on the Mortality Rate

A rise in woman’s propensity to pursue leisure activities

It is important to examine the economic consequences when woman strengthens her
preference for pursuing leisure activities. We now deal with the effects when country 1’s woman
increases her propensity to pursue leisure as follows: ¢,,: 0.13 = 0.15. An immediate consequence
of the preference change is that the wife from country 1 spends more time on leisure and the
husband has less leisure hours. Country 1’s birth and mortality rates are reduced. The husband
works more and the wife works less. Both the husband and wife reduce their time of children

fostering. The other two countries” households slightly vary their time distributions.
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Figure 7. A Rise in Woman’s Propensity to Pursue Leisure Activities

Impact of a rise in country 1’s propensity to save

According to the Solow model, a rise the propensity to save will increase per capita wealth
but reduce per capita consumption level. We will show that the impact in our model is different
from the result in the Solow model in the long term. We now allow country 1’ propensity to save to
be enhanced as follows: A, : 0.6 = 0.62. Country 1’s per housechold consumption level falls initially
and rises in the long term. The per houschold wealth in all the countries is augmented. The
houscholds in countries 2 and 3 increase their consumption levels. Both man and woman from
country 1 work more hours initially and slightly change their work hours in the long term. In the
long term the global output, global capital and global labor force are reduced. The rate of interest falls
and the wage rates rise. Country I’s population and labor force are reduced. The other two countries’

populations and labor forces are increased.
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Figure 8. Impact of a Rise in Country 1’s Propensity to Save

S CONCLUDING REMARKS

This paper introduced endogenous population into an Oniki-Uzawa growth model with
multiple countries and free trade. The paper is a synthesis of Zhang’s models on endogenous population
(Zhang, 2015) and on a multi-country growth model with trade (Zhang, 2012). The study dealt with a
dynamic interdependence between different countries’ birth rates, mortality rates, populations, wealth
accumulation, and time distributions between work, leisure and children caring. We emphasized the role
of human capital, technological and preference changes on the birth and mortality rates and time
distributions. We applied the utility function proposed by Zhang to describe the behavior of households.
In our approach the global wealth and income inequality is due to differences in households’ preferences
and human capital levels as well as the households’ initial wealth. We also modelled gender differences in
human capital, the propensity to use leisure time, and children caring efficiency. We simulated the model
to show the motion of the economic growth and population change and identified the existence of
equilibrium point. We examined the effects of changes in the propensity to have children, the
propensity to save, woman’s propensity to use leisure, woman’s human capital, and woman’s emotional
involvement in children caring. As our model is built on some economic theories, we can generalize and

extend our model.
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APPENDIX: PROVING THE LEMMA

We now show that the dynamics can be expressed by differential equations
system. From (3), we obtain

+0, a,N.
Z/Er b _ ZJ .1’ (Al)
' w, K.

J J

where 51. = a,/ 8. From (2) and (3), we have

B; ~ \%
Zj ¢ A2
r=ajAj &— _(S]g‘) W;=/)7jAj Z_ > qu=hquj. ( )
j J

Hence, we determine 7, w, and w, asfunctionsof z, . From (A2) we have

g +o )"
z, | _(r A
’”(Zl)=051A1(71) =0y Zj(zl)=aj{—kj] . (A3)
% a; 4,
From the definition of ¥ and (3) we have
v, =(+r)k, +how, (A4)

where h, = (hjl +h, )To . By (8) and (11), we have
_ ~ 6. v. o,
T,=T,-T, - A=T0—(L+i]%. (A5)

Insert (A3) in (A4)
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7ok o+ _
T/‘q=qu_ - ;NV : _rjqkj’ (A6)
J
where
(h'l+h'2)0jq ~ _ (1+r)aq
Xjg = 1‘% L, 7y =0,v,(L47r). 7y=hy O,0,w,, 1, = ; Wj
Jq Jja
Insert (A6) in (1)
— 7k o+ h. _
N; = Xj“#zj—%fkj]]vja (A7)
J
where

Xi=shoxo+hy X, ¥, =hyFy+hory, by sh ry+h,r,, r,=hr+h,r,.

By the definition of z,, we have

@ N,
K, =—/—+. (A8)
z.
J

From (16) and (17) we have

J J
kN, =YK, (A9)
= 7=
Insert (A8) in (A9)
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Eij_/. =E —. (A10)
= =l Z;
Insert (A7) in (A10)
R ——
Ay -8B Rk =0,
Wl
(A11)
where

AO(ZI ’ {Ej}’ (Nj))E X+ &

Insert W, =k, + h, w, in (A11)

k? +mk +m, =0, (A12)
where
ml(zl’{kj}’ (Nj))—hlw1+7l— , mz(Zl,{/;j}, (Nj))sh“_%wll\o
0 0
Solve (A12)

2
Jm? -4
h — % (A13)

2

N
ll
|
3
I+

k= ¢7(Zl ) {Ej}’ (Nj

In our simulation the following solution of (A13) has a meaningful solution
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2
—  —m +m —4m,

k =
2

The following procedure shows how to express the variables as functions z, ,
{l;j}and (NJ. ): rand w, by (A2) > k, by (A13) > ]Vj by (A7) » ¥, by (A3) >
o5, T, and n, by (11) > T, by (6) > T, by (A6) > K by (16) > F, by (2).
From this procedure, (15) and (14), we have

c., 8

J?

;1=Qo(zla{l;/}9 (Nj))ESI _EH (A14)

E/=szl’{]€j}’(N/)ES/__j’ ]_2a aJa

Woma G L )= [P N e )
W Yy A

= Log= Xog
=L e 3Lk + N LN (A16)
oz, ' &ok, ' &AaN,
Insert (A15) in (A16)
. J J
£=22:4%50 27, EA,E. (A17)
oz, ' & ok, 4 aN,

(A18)
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