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Abstract

Let © € {5 be a bounded (real or complex) sequence. We define
an(z) = inf{|| z — T ||: card(z) < n},n = 1,2,..., where card(z) =
card{i € N : T; # 0}. Let K the set of all sequences x € {, such that
x1 > x2 > ... > 0 and card(x) < n < co. The symmetric norming
functions, ¢, of R. Schatten are defined as follows: ¢ : K — R and
o(x) > 0if z # 0; ¢(z +y) < ¢(x) + ¢(y); ¢lax) = ag(x),a = 0;
$(1,0,0,...) = 1; (x) < d(y) if Sy 2 < Sy yik = 1,2, ...

We denote by £y = {z € lo : ¢({ai(z)}) < oo}, where p({a;(x)}) =

limy, o0 ¢(a1(x), az(x), ..., an(x),0,0,...).
We prove that /4 is a quasinormed sequence space, where the quasi-

norm is || z [|ly= ¢({an(x)}).

From the equivalences || z ||4~| ||;f: d»({agn—1(x)}) and
|z [z~ « H%: O({zp2}), d(xi) := (%) we obtain some interpolation
properties for some quasinormed spaces.

1 Introduction

Let /o be the space of all bounded sequences (x = (z,) € loo if || T ||oo=
sup,, | , |< 00). We denote by card(z) = card{n € N : x,, # 0}.

For all x € (., we define the sequence of the approximation numbers
(an(x)) as follows:

an(z) =inf{]| 2 = T || : card(T) <n},n=1,2,..
It is obvious that:

| 2 floo= a1(z) > ag(z) > ... >0
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The subset K C /., is defined as follows:
K={x€ly :card(z)=n<ooandxy > xy>..> 0}

A function ¢ : K — R is called symmetric norming function, [3], [4], [6],
if the following conditions are verified:

1. ¢ is a norm on the cone K
2. ¢(1,0,0,...)=1

3. If m,y € l are such that SF 2, < % v,k = 1,2,..., then ¢(z) <
o(y).

Examples of symmetric norming functions are:¢oo, oo () = 1; ¢, ¢p(x) =
1
(X af)r, 1 <p<oo.
For the case © € ly,x1 > x5 > ... > 0 and card(x) = oo, we take

P(r) = nhjglo o(x1, T2y ..., 0, 0,0, ..0).

Definition 1.1 Let ¢, ¢ be symmetric norming functions. The conjugate
(dual) of v relative to ¢ is the function:

. ¢(zy)
r)= sup ———, wherexy:= (x1y1,x2Ys,...).
@%( ) yEK,E;éO w(y) Yy ( 1Y1, T2Y2 )

Definiton 1.2 (; = {z € l : ¢(an(x)) < 00}
We prove that £, is a quasinormed sequence space.

2 Properties of the numbers a,(z) and sequence
space (
For to prove that /4 is a sequence space it is necessary to investigate some

properties of a,(x).
Proposition 2.1 The numbers a,(x) verify the inequality:

k k
Z an (1 + 29) < 2 Z(an($1) + an(22)), k=1,2, ..., 21,29 € lo.

n=1 n=1

Proof. For € > 0 there are 1,7y € {4 such that card(z;) < n,i = 1,2,
and || z; — 7; ||< an(xi) + 5.
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Since card(T, + T3) < 2n — 1, we obtain: ag, 1(x1 + xa) <|| (21 + z2) —
(T1 + T2) ||< an(x1) 4+ an(z2) + €. € being arbitrar, it results the inequality:
aon—1(21 + 22) < an(x1) + an(z2).

Now we can write

S an(wi4a2) < X2 an(@1410) = XF agp—1 (@1422) + 35 @z (w1422) <
<25 Man(m1) + an(me)), k= 1,2, ...

This prove the inequality (1).

Remark It is known that a,(x122) <|| 21 ||oo -an(22), [9], [10] and then
it results:

For A # 0,a,(Az) <| A | ap(x) and a,(z) = an(A - $2) < ﬁan()\x).

Hence a,(Az) =| A | a,(z), relation which is obvious true for A = 0.

Now we prove the following

Proposition 2.2 /, is a quasinormed sequence space with the quasinorm

|z llo= ¢(an(z)).
Proof.

1. Obvious || z ||4>0if 2 # 0

2. Let z;,7 = 1,2, be two seqeuences from £4. We prove that x; +x9 € {5.

From proposition 2.1 we obtain:
| 21+ 22 ly= ¢({an(z1 4 72)}) < 0({2(an(21) + an(22)}) <
<2([[ z1 [lg + [ 22 llg) < oo

Then x; + x5 € {4 and the property (2) of the quasi-norm || - ||, is
verified.

3. | Az |lo=| A | ¢(x) < oo if A € Rand = € 4.

3 Equivalent quasinorms on the spaces /4

Of great interest will be some equivalent quasinorm on the spaces (4.

We denote: || z ||J= ¢(azn—1(x)) and || z [|5= ¢(an2(z)).

Proposition 3.1 The quasinorms || z ||] and || z || are equivalent for
all ¢,

Proof.

From the proof of the proposition 2.1 it results that || - [|4=| - ||}, where

| z ||$= d({azn—1(x)}), because:

k k

k k k
Z:lagn,l(x) < Z an(x) < zjlagn,l(w)—{—z;l agn () <2 Z:lagn,l(x),k =1,2,..

n=1

and hence
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@ [3<] @ llo< 2 | = I vo.

Proposition 3.2 The quasinorms || z [|4 and || z ||§ are equivalent if the
function ¢ is ¢, where ¢ : (z,) € K — ¢(n,z,),1 = a1 > ag > ... > 0 and
n2 < 2y, Vn € N, ¢ being constant.

Proof.

It is obvious that || H%SH z ||, because (a,(x)) is decreasing.

From the properties of the sequences («,) and (a,(z)) we can write:

k (k+1)*-1 (n+1)2-1 i
danan(z) < Y. mpan(z) =Y Y wjai(z) <3¢ anae(z) k=1,2, ...
n=1 n=1 n=1 j:n2 n=1

Then it results:
|z |[3= ¢(anan(z)) < 3cd(anan:(z)) = 3c || z |5
Hence || = [|z7~| = ]%

Remark. In a particular case (a;) = (3).

4 Applications of the equivalence between
Iz |j and || 2 [

We denote Xy = Xo+ X; and Yy, = Yy + Y7, where (Xo, X;) and (Yp, Y1) are
interpolation couples.

If (X, X1) is an interpolation couple of normed spaces, the interpolation
space X = (Xo, X1)04,0 < g < 00,6 € (0,1), is defined, [1], [8], [9], [11], as
follows:

o0 dt 1
(Xo, X1 = {o € Xo+ X1 : (| [P Kt 2)]75)7 < o},
where
K(t,) = inf (]| 2o lx, + | 21 |, 2 = 70 + 21}

Definition 4.1 The interpolation couple (Yp, Y1), where Yy, Y7 are normed
(Banach) spaces, have the approximation property (H) if exists the constant
¢ > 0 such that for any € > 0 and any finite sets Z; C Y;,7 = 1, 2, exist the
application P € L(Yy,Ys) for wich P |y,€ L(Yy, Zo), P |v,€ L(Y1,Z1) and
more the following properties are true:

1. P(Y;) CYonYy;
2. | Pllran<c
3. || Pr —x

ng E,VZL'G ZZ,/L: 1,2
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Let T : X — Y be a linear and bounded operator (T' € L(X,Y)), the
dyadic entropy numbers are defined as follows:

en(T) =inf{o > 0: Iy, ...,y € Up such that TUx C U?ZIl{y,; +oUx},

where Ux ={z € X || z || < 1}}

In the paper [11] is proved that, if (Yy,Y7) have the property (H), the
following relation is true:

emin1(T : (X0, X1)o.g — (Yo, V1)) < 4max{1, c}en (T : Xo — Yo) e, (T :

Where ¢ is the cosntant from the property (H), m,n =1,2, ...

Corollary 4.1 e, 1(T : (X0, X1)oq — (Yo,Y1)o,) < 4max{1,c}e (T
Xo — Yo) en(T : Xy — Yi)f]

Let LS (X,Y) be the entropy ideal (LY (X,Y) = {T: ¢({e(T)}) < 00})
and let ¢ (2,) = (9(4))7,0 < p < oc.

From the corollary 4.1 we obtain:

Proposition 4.2 If (X, X;), (Yo, Y1) are interpolation couples of normed
spaces and (Yg, Yp) has the approximation property (H) the following inclu-
sion is true:

L(e)

000 Y ML,

ey (X0 Y1) € L (X0, X1)ag, (Y, Yi)ag)-

for all symmetric norming functions ¢ and .
Proof. From the proposition 1.3 and the corollary 4.1 we can write

o({en(T : (Xo, X1)o,g — (Y0, Y1)o,0)}) =
~ d({e2n—1(T: (Xo, X1)ag — (Yo, Y1)o,)}) <
< 4max{1,c}o(e,(T: Xg — Y)' e (T: X; - 1)) <

< 4max{1, c}p(e (T : Xo — Y5)'™%) Pglen(T: Xy — 1)%) < oo,

which proves the inclusion.
Remarks If the particular case of the functions ¢,,1 < p < oo, we
obtain the sequence spaces ¢, and the entropy ideals

LOX,Y) = {T: (X en(T))r < oo}.
For the ideals L]Ef) it is known the particular inclusion:
LY (Xo, Yo) N LY (X1, V1) © L (X0, X1)og, (Yo, Y1)og):

Where1§p0<p1<ooand%:1 9—1—})—1,96(0 1).
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