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Let X; and X5 be two real or complex Hilbert spaces, respectively. We consider
the linear and continuous operator 17" : X; — Xy, where T : Xy — X is the adjoint
operator of T. Let us take the equation T'(x) = b, where = € X is the unknown and
b € X, is a fixed element.

Theorem 1. Ifx* € X, verifies the condition (T (x*)—b) € Ker(T™) then ||T(z*)—b| <
|T(x) = 0| for all x € X;.

Proof. We have the following;:

Ib=T(@)|* = |b-T@")+T(" —2)| =
= b—Tx)+T(x*—2),b=—T(@")+T(x"—2x)) =
= (b=T("),b-T(") + (b—T("),T(=" — )+
+(T'(2" — )b T(z%) + (T(2" — ), T(z" — z)) =

(
= [[b=T@)*+(T"(b - T(2")),2" —2) +
(¢ =2, T (b= T(z"))) + IT(=" — 2)||* =
= [b=TE)I*+ 1T —2)|* > [Ib—T(")[*.

Next we give some applications.

Application 1. We consider the real, finite, overdetermined linear system:

ao1T1 + ApaT2 + . .. + agnTy = by
a11T1 + a1pTe + ...+ a1,T, = by

Am1T1 + QmaTo + . .. + Gy = bm
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where m > n and a;;,b; € R for all i = 0,m and j = I,n. Let A = (a;;);_g5 be the

=1,n
matrix of the real linear system and b = (b;);—g, is the constant term. Thejn we obtain
the following linear and continuous operator T': R" — R™"! and T'(x) = A-x, for every
r = (11,29,...,2,)7 € R™. So the adjoint operator T* has the matrix A”, which is the
transpose of the matrix A. Using our theorem, from the condition (T'(z*)—b) € Ker(T™)
we obtain T*(T'(z*) — b) = 0, i.e. T*(T(x*)) = T*(b), which has the equivalent matrix
form AT - A-z* = AT - b. So from our theorem we reobtain the following well known
result: if AT-A-a2*= AT . bthen |[A-2* —b|| < ||A-2 —b|| for all z € R™ (see [1], [2]
or [3]).

Application 2. We consider the real, infinite, overdetermined linear system:

(ap11 + agera + ... + Aoy = by
a11x1 + a1pxe + ... + a1, = by

Am1T1 + QmaTo + . ..+ QGnZn = bm

\

where a;;,b; € R for all ¢ € N and j = 1,n. Let a; = (a;)ien € *(R) and b =
(bi)ien € I*(R), so A = (ajas...a,) is the matrix of the infinite linear system and b
is the constant term. Then we obtain the following linear and continuous operator
T :R* — I2(R), T(z) = A - x, for every z = (21, 22,...,2,)T € R" So the adjoint
operator T* has the matrix AT, which is the transpose of the matrix A. Using our
theorem, from the condition (7'(z*) —b) € Ker(T*) we obtain T*(T'(z*) — b) = 0,
i.e. T*(T(x*)) = T*(b), which has the equivalent matrix form AT - A . z* = AT - b.
So from our theorem we reobtain the following result: if AT - A.2* = AT . b then
|A-x*—0b|| <||A-b—0| for all x € R™ (see [4]).

Application 3. We consider the complex, finite, overdetermined linear system:

a1, + agaT2 + ... + Aoy, = by
a11T1 + 122 + ...+ A1y — b1

Am1T1 + Q2% + ... + ATy = bm

where m > n and a;;,b; € C for all i = 0,m and j = I,n. Let A = (a;;);_g;m be
Jj=1ln

the matrix of the complex linear system and b = (b;);—g, is the constant term. Then

we obtain the following linear and continuous operator 7' : C* — C™ T(x) =

A -z, for every x = (x1,%9,...,7,)T € C". So the adjoint operator T* has the matrix

ZT, which is the transpose of the matrix A and taking the complex conjugate for all
elements of A”. Using our theorem, from the condition (T'(z*) —b) € Ker(T*) we
obtain T*(T'(z*) — b) = 0, i.e. T*(T(x*)) = T*(b), which has the equivalent matrix
from A - A-g* = A -b It is immediately that this last relation is the same with
AT A z* = AT - b. So from our theorem we reobtain the following well known result:

if AT-A-2*= A" -bthen ||[A-z* —b|| <||A-z —b| for all z € C" (see [1], [2] or [3]).
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Application 4. We consider the complex, finite, overdetermined linear system:

(ap11 + agera + ... + Aoy = by
a1121 + a2 + ... + a1, = by

Am1T1 + QmaTo + . .. + Gy = bm

\ -

where a;;,b; € C for all i € N and j = 1,n. Let a; = (a;;)ien € *(C) and b =
(b;)ien € I*(C), so A = (ajay...a,) is the matrix of the infinite linear system and b
is the constant term. Then we obtain the following linear and continuous operator
T :C" — I2(C), T(z) = A-x, for every z = (21, 22,...,2,)7 € C" So the adjoint
operator 7™ has the matrix XT, which is the transpose of the matrix A and taking
the complex conjugate for all elements of AT. Using our theorem, from the condition
(T'(x*)—0b) € Ker(T*) we obtain T*(T'(z*) —b) = 0, i.e. T*(T'(z*)) = T*(b), which has
the equivalent matrix from A A=A b Ttis immediately that this last relation
is the same with AT - A.2* = AT . b. So from our theorem we obtain the following

result: if A7 - A-2* = AT . b then ||A-2* —b|| < ||A-2 —b|| for all z € CV. (see [5]).
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