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Abstract

In this paper, using some known summations, we have established
the generating functions for the number of representations of a pos-
itive integer as the sum of squares of integers and also as the sum of
triangular numbers.

Key words and phrases: Sum of squares, sum of triangular num-
bers, general theta function.

2000 AMS Subject classification: Primary: 11E25, 33E05; Sec-
ondary: 05A15, 33D15

1 Introduction, notations and definitions

One of the most interesting problems in number theory is the representation
of positive integers as sum of squares of integers.Fermat proved that all
primes of the form 4n + 1can be,uniquely, expressed as the sum of two
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squares. Lagrange showed that all positive integers can be represented as
sum of four squares and that this number is minimal.
Let γk(n) stand for the number of ways the positive integer n can be rep-
resented as a sum of k squares with representations arising from different
signs and from different orders being regarded as distinct.
Since,

1 = (±1)2 + 02 = 02 + (±1)2,

we have γ2(1) = 4. Also,

1 = (±1)2 + 02 + 02 = 02 + (±1)2 + 02 = 02 + 02 + (±1)2

so, we have γ3(1) = 6.
Ramanujan’s general theta function f(a, b) is defined by

f(a, b) =
∞∑

n=−∞
an(n+1)/2bn(n−1)/2, |ab| < 1.

The most important special cases of f(a, b) are given by,

φ(q) = f(q, q) =
∞∑

n=−∞
qn2

=
[−q;−q]∞
[q;−q]∞

=
[q2,−q; q2]∞
[−q, q; q2]∞

,

ψ(q) = f(q, q3) =
∞∑

n=0

qn(n+1)/2 =
[q2; q2]∞
[q; q2]∞

, (1)

where [α; q]∞ = Π∞
r=0(1− αqr).

The generating function for γk(n) is given by

∞∑
n=0

γk(n)qn = φk(q) =
{ ∞∑

n=−∞
qn2

}k

.

The well known two and four square theorems due to Jacobi are:

γ2(n) = 4[d1(n)− d3(n)]

and

γ4(n) = 8
∑

d/n;& 4 does not divide n

d,

1011

Provided by Diacronia.ro for IP 216.73.216.121 (2026-02-25 00:14:14 UTC)
BDD-A23666 © 2009 Editura Universităţii „Petru Maior”



where di(n) denotes the number of positive divisors of n that are congruent
to i (modulo 4).

A triangular number is a number of the form n(n + 1)/2 for non negative
integer n. Let tk(n) denote the number of representations of n as the sum
of k triangular numbers, then generating function for tk(n) is given by

∞∑
n=0

tk(n)qn = ψk(q) =
{ ∞∑

j=0

qj(j+1)/2
}k

,

where ψ(q) is given by (1).

The first few triangular numbers are 0, 1, 3, 6, 10, 15, ... Thus, t2(6) = 3.

Gauss proved that every natural number is the sum of 3 or fewer triangular
numbers. Ewell [4] used Jacobi’s triple product identity to show that,

t2(n) = d1(4n + 1)− d3(4n + 1).

Adiga [1] used 1ψ1 summation formula due to Ramanujan to show that

t4(n) =
∑

d/(2n+1)

d.

Coper and Lam [3], using the summation formula for 1ψ1 derived formulas
for t2(n), t4(n), t6(n), and t8(n). We produce here t6(n) and t8(n),

t6(n) =
1

8

∑

d/4n+3

(−1){(d+1)/2}d2

and

t8(n) =
∑

d/(n+1),d−odd

{(n + 1)

d

}3

.

We define the basic bilateral hypergeometric series as

rψr

[
a1, a2, ..., ar; q; z
b1, b2, ..., br

]
=

∞∑
n=−∞

[a1, a2, ..., ar]n zn

[b1, b2, ..., br]n
,

valid for max{|a1|, |a2|, ..., |ar|, |b1|, |b2|, ..., |br|, |z|} < 1.
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2 Main Results

In this section we shall establish certain identities from some known sum-
mations and then use these to derive the values of γk(n) and tk(n).

(a) Ramanujan’s remarkable summation formula for 1ψ1 is

1ψ1

[
a; q; z
b

]
=

∞∑
n=0

[a; q]nz
n

[b; q]n
=

[az, q/az, q, b/a; q]∞
[z, b/az, b, q/a; q]∞

. (2)

Now, replacing q by qk and then setting a = qj, b = qk+j and z = qi

in (2), we get

∞∑
n=−∞

qin

1− qkn+j
=

[qk; qk]2∞[qi+j, qk−i−j; qk]∞
[qi, qj, qk−i, qk−j; qk]∞

(3)

provided i, j 6≡ 0 mod(k).

(i) Now, taking k = 4, i = j = 1 in (3), we find

∞∑
n=−∞

qn

1− q4n+1
=

∞∑
n=0

qn

1− q4n+1
−

∞∑
n=0

q3n+2

1− q4n+3
=

[q2; q2]2∞
[q; q2]2∞

= ψ2(q)

=
∞∑

n=0

t2(n)q2n (4)

One can notes that (4) implies the following well known identity

t2(n) = d1(4n + 1)− d3(4n + 1).

(ii) Again, taking k = 4, i = 2 and j = 1 in (3), we get

∞∑
n=−∞

q2n

1− q4n+1
=

[q4; q4]2∞
[q2; q4]2∞

= ψ2(q2). (5)

Thus we have

∞∑
n=0

q2n

1− q4n+1
−

∞∑
n=0

q2n+1

1− q4n+3
= ψ2(q2) =

∞∑
n=0

t2(n)q2n. (6)
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Now, equating the coefficients of q2n on both sides of (6), we get

t2(n) = d1(4n + 1)− d3(4n + 1).

Ramanujan’s 1ψ1 summation can, also, be written as

∞∑
n=0

[q/β; q]n(−βq−1/2/z)n

[αq; q]n
+

∞∑
n=1

[1/α; q]n(−αzq1/2)n

[β; q]n

=
[−zq1/2,−q1/2, q, αβ; q]∞

[−αzq1/2,−β/zq1/2, αq, β; q]∞
. (7)

Differentiating both sides of (7) with respect to z and then set-
ting z = q−1/2 Bhargava and Somashekara [2] established the
following identity,

∞∑
n=0

(n + 1)[q/α; q]nαn

[β; q]n+1

+
∞∑

n=0

n[q/β; q]nβn

[α; q]n+1

=
[q; q]3∞[αβ; q]∞

[α, β; q]2∞
. (8)

Replacing q by qk and then taking α = qi and β = qj in (8), we
get

∞∑
n=0

(n + 1)[qk−i; qk]nq
in

[qj; qk]n+1

+
∞∑

n=0

n[qk−j; qk]nqjn

[qi; qk]n+1

=
[qk; qk]3∞[qi+j; qk]∞

[qi, qj; qk]2∞ ; (i, j, i + j < k). (9)

Now, taking k = 2, i = j = 1 in (9), we get

∞∑
n=0

(2n + 1)qn

1− q2n+1
=

[q2; q2]4∞
[q; q2]4∞

= ψ4(q) =
∞∑

n=0

t4(n)q
n

which has the arithmetic consequence

t4(n) =
∑

d/(2n+1)

d,

which is a known result due to Legendre.

Ramanujan [6] in Chapter 17, page 139, of the second notebook
has mentioned the following identity,
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∞∑
n=1

n3qn−1

1− q2n
= ψ8(q),

which can be written as

∞∑
n=0

(n + 1)3qn

1− q2n+2
= ψ8(q) =

∞∑
n=0

t8(n)qn

which the following arithmetic interpretation,

t8(n) =
∑

d/n+1,d−odd

{n + 1

d

}3

.

(b) Bailey’s sum of a well-possed 3ψ3 is

∞∑
n=−∞

[b, c, d; q]n(q/bcd)n

[q/b, q/c, q/d; q]n
=

[q, q/bc, q/bd, q/cd; q]∞
[q/b, q/c, q/d, q/bcd; q]∞

which can be re-written as,

1 +
∞∑

n=1

[b, c, d; q]n(1 + qn)(q/bcd)n

[q/b, q/c, q/d; q]n
=

[q, q/bc, q/bd, q/cd; q]∞
[q/b, q/c, q/d, q/bcd; q]∞

. (10)

The above relation can also be deduced from the well known basic
bilateral analogue of Dixon’s summation, (cf. Gasper-Rahman [5];
App.II(II.32)]). Now, taking b = c = d = −1 in (10), we get

1 + 8
∞∑

n=1

(−1)nqn

(1 + qn)2
=

[q; q]4∞
[−q; q]4∞

= φ4(−q). (11)

Now, replacing q by −q in (11), we have

1 + 8
∞∑

n=1

qn

{1 + (−q)n}2
= φ4(q). (12)
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Now, (12) can be interpreted as

φ4(q) =
∞∑

n=0

γ4(n)qn = 1 + 8
∞∑

n=1

qn

{1 + (−q)n}2
= 1 + 8

∞∑
n=1

nqn

1 + (−q)n

= 1 + 8
{ ∑

n≥1,n−odd

nqn

1− qn
+

∑
n≥2,n−even

nqn

1 + qn

}

= 1 + 8
{ ∑

n≥1

nqn

1− qn
+

∑
n≥2,n−even

( nqn

1 + qn
− nqn

1− qn

)}

= 1 + 8
{ ∞∑

n=1

nqn

1− qn
−

∑
n≥2,n−even

2nq2n

1− q2n

}

= 1 + 8
{ ∞∑

n=1

nqn

1− qn
−

∞∑
n=1

4nq4n

1− q4n

}

which implies that

1 +
∞∑

n=1

γ4(n)q
n = 1 + 8

∑

4 does not divide n

nqn

1− qn
. (13)

Now, equating the coefficients of qn on both sides of (13), we get,

γ4(n) = 8
∑

d divides n but 4 does not divide n

d.

Again, letting d →∞ in (10), we get

1 +
∞∑

n=1

(−1)nqn(n−1)/2(1 + qn)[b, c; q]n(q/bc)n

[q/b, q/c]n
=

[q, q/bc; q]∞
[q/b, q/c; q]∞

. (14)

Now, setting b = c = −1 in (14) and replacing q by −q in it, we get

1 + 4
∞∑

n=1

(−1)n(n−1)/2qn(n+1)/2

1 + (−q)n
=

[−q;−q]2∞
[q;−q]2∞

= φ2(q). (15)
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Thus, we have

φ2(q) =
∞∑

n=0

γ2(n)qn = 1 + 4
∞∑

n=1

{ q4n−3

1− q4n−3
− q4n−1

1− q4n−1

}

=
∞∑

n=0

γ2(n)qn = 1 + 4
∞∑

n=0

{ q4n+1

1− q4n+1
− q4n+3

1− q4n+3

}
.

Now, equating the coefficients of qn on both sides of the above relation,
we get Jacobi’s two square theorem,

γ2(n) = 4{d1(n)− d3(n)},
where di(n) is the number of positive divisors of n that are congruent
to i (modulo 4).

(c) The basic bilateral, (cf.Gasper-Rahman [5]; App.II(II.32)), analogue
of Dixon’s summation is

∞∑
n−∞

(1 + qna1/2)[b, c, d; q]n(qa3/2)n

(1 + a1/2)[aq/b, aq/c, aq/d; q]n(bcd)n

=
[aq, aq/bc, aq/bd, aq/cd, qa1/2/b, qa1/2/c, qa1/2/d, q, q/a; q]∞
[aq/b, aq/c, aq/d, q/b, q/c, q/d, qa1/2, q/a1/2, qa3/2/bcd; q]∞

.

Letting a → 1 in (5), we get

1 +
∞∑

n=1

[b.c.d; q]n(1 + qn)(q/bcd)n

[q/b, q/c, q/d; q]n
=

[q, q/bc, q/bd, q/cd; q]∞
[q/b, q/c, q/d, q/bcd; q]∞

which is (10). Now proceeding on the above lines we can again find
the identities (12) and (15) from which γ4(n) and γ2(n) can be formu-
lated. In entry 25 of Chapter 16 of second Notebook, Ramanujan has
mentioned the following beautiful identities:

φ(q) + φ(−q) = 2φ(q4)

φ(q)− φ(−q) = 4qψ(q8)
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φ(q)φ(−q) = φ2(−q2) (16)

ψ(q)ψ(−q) = ψ(q2)φ(−q2)

φ(q)ψ(q2) = ψ2(q) (17)

φ2(q)− φ2(−q) = 8qψ2(q4) (18)

φ2(q) + φ2(−q) = 2φ2(q2) (19)

φ4(q)− φ4(−q) = 16qφ4(q2). (20)

Now, from (20) we have

∞∑

k=0

γ4(k)qk −
∞∑

k=0

γ4(k)(−q)k = 16
∞∑

k=0

γ4(k)q2k+1. (21)

Now, equating the coefficients of q2k+1 on both sides of (21), we get

γ4(2k + 1) = 8γ4(k).

Further, from (19) we have

∞∑

k=0

γ2(k)qk +
∞∑

k=0

γ2(−q)k = 2
∞∑

k=0

γ2(k)q2k. (22)

Now, equating the coefficients of q2k on both sides of (22), we get
γ2(2k) = 2γ2(k). Again, (18) leads to

∞∑

k=0

γ2(k)qk −
∞∑

k=0

γ2(k)(−q)k = 8
∞∑

k=0

t2(k)q4k+1
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which, on equating the coefficients of q4k+1 on both sides, leads to

γ2(4k + 1) = 4t2(k).

Squaring both sides of (17) we get

φ2(q)ψ2(q2) = ψ4(q)

which leads to

∞∑
m=0

γ2(m)qm

∞∑
n=0

t2(n)q2n =
∞∑

k=0

t4(k)qk. (23)

Now, equating the coefficients of q2k on both sides of (23), we get

k∑
n=0

γ2(2k − 2n)t2(n) = t4(2k).

Again, squaring both sides of (16), we get

φ2(q)φ2(−q) = φ4(−q2),

which can be put in the form

∞∑
m=o

γ2(m)qm

∞∑
n=0

γ2(n)(−q)n =
∞∑

k=0

γ4(k)(−1)kq2k.

Now, setting m = 2k−n in the above and equating the coefficients of
q2k on both sides,we get

2k∑
n=0

(−1)nγ2(n)γ2(2k − n) = (−1)kγ4(k)

which is the same as,

4k∑
n=0

(−1)nγ2(n)γ2(4k − n) = γ4(2k).

Similarly, scores of other relations can also be established.
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