REPRESENTATIONS OF POSITIVE
INTEGERS AS SUM OF SQUARES AND
TRIANGULAR NUMBERS

R.Y. Denis ¥ T S.N. Singh * and S.P. Singh %9

Proceedings of the European Integration between Tradition
and Modernity
"Petru Maior” University of Targu-Mures
Oktober, 22-23, 2009

Abstract

In this paper, using some known summations, we have established
the generating functions for the number of representations of a pos-
itive integer as the sum of squares of integers and also as the sum of
triangular numbers.
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1 Introduction, notations and definitions

One of the most interesting problems in number theory is the representation
of positive integers as sum of squares of integers.Fermat proved that all
primes of the form 4n + lcan be,uniquely, expressed as the sum of two
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squares. Lagrange showed that all positive integers can be represented as
sum of four squares and that this number is minimal.
Let vx(n) stand for the number of ways the positive integer n can be rep-
resented as a sum of k£ squares with representations arising from different
signs and from different orders being regarded as distinct.
Since,

1= (£1)* + 0% = 0* + (£1)?,

we have v,(1) = 4. Also,
1= (£1)*+0%+0%= 0%+ (£1)* + 0* = 0% + 0% + (£1)?
so, we have v3(1) = 6.
Ramanujan’s general theta function f(a,b) is defined by
f(a,b) _ Z an(nJr1)/2bn(n71)/27 |CLb| < 1.

The most important special cases of f(a,b) are given by,

_ R I o | P e L
o) = e = 2, a" = @ —doe  [~0.¢:¢%

n=—oo

o) = Sled) = S % 0

where o] q]oo = 1I22,(1 — aq").
The generating function for 44(n) is given by

>t =0 ={ 3 o}

The well known two and four square theorems due to Jacobi are:
"2(n) = 4[di(n) — ds(n)]

and

~Ya(n) = 8 Z d,

d/n;& 4 does not divide n
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where d;(n) denotes the number of positive divisors of n that are congruent
to ¢ (modulo 4).

A triangular number is a number of the form n(n + 1)/2 for non negative
integer n. Let tx(n) denote the number of representations of n as the sum
of k triangular numbers, then generating function for ¢x(n) is given by

D ti(n)g" = ¢*(g) = { qu‘j“m}k,
n—=0 =0

where (q) is given by (1).

The first few triangular numbers are 0,1, 3,6, 10,15, ... Thus, ¢5(6) = 3.
Gauss proved that every natural number is the sum of 3 or fewer triangular
numbers. Ewell [4] used Jacobi’s triple product identity to show that,

Adiga [1] used 1%, summation formula due to Ramanujan to show that

= > d

d/(2n+1)

Coper and Lam [3], using the summation formula for 11, derived formulas
for ta(n),ts(n), ts(n), and tg(n). We produce here tg(n) and tg(n),

1
tg(n) = 3 Z (—1)l@+n/2 g2

d/4n+3

and

wm= Y {(n;r 1) }3'

d/(n+1),d—odd

We define the basic bilateral hypergeometric series as

a1,a9, ..., G5 G 2 | 2 a1, ag, ..., ap]p 2"
P [bl,bQ,...,br 1_ 2 by by bl

n=—oo

valid for max{|a1|, |as|, ..., |a.|, |b1], |b2|, ---, |br], | 2| } < 1.
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2 Main Results

In this section we shall establish certain identities from some known sum-
mations and then use these to derive the values of v, (n) and tx(n).

(a) Ramanujan’s remarkable summation formula for 17 is

a; q; = - a; qlnz" az,q/az,q,b/a; qle
O PR I ST EY LT S
“— [b;qln [2,b/az,b, q/a; qlo

Now, replacing ¢ by ¢* and then setting a = ¢/,b = ¢"**7 and z = ¢
in (2), we get

[e.9]

q" [¢": ¢"% 1, ¢" 7 ¢F o
> (3)

1- qknJrj [qla qj7 qkﬂ} qkij; qk]oo

n=—oo

provided i, j #Z 0 mod(k).

(i) Now, taking k=4, i=j=11n (3), we find

e n 3n+2

(7% ¢*1%

l4; ?1%

n=—00 n=0
= Y ta(n)g™"
n=0

One can notes that (4) implies the following well known identity

(ii) Again, taking k =4, i =2 and j = 1in (3), we get

q [q4; q4]c2>o 2/ 2
Z 1 — gintl - [q% ¢*]2 =¢(q). (5)
Thus we have
0 q2n 0 q2n+1 0, o0 )
T D T = V) =) kg™ (6)
n=0 q n=0 q n=0
1N1
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Now, equating the coefficients of ¢*® on both sides of (6), we get

Ramanujan’s 171 summation can, also, be written as

[aq; qln 13; q)n

_ =242 =" g, 085 ) ™
[—azq'/?, —ﬁ/qu/z, aq, 35 ¢l

Differentiating both sides of (7) with respect to z and then set-
ting z = ¢~'/2 Bhargava and Somashekara [2] established the
following identity,

i 4/ B; ln(—Bq~ /%) 2)" +i [1/c; qln(—azq )"

n=1
/2

= (n+1 q/a g = nla/BidnB" g a8 dle
nz 13; qlns1 +nzzo (@ gl o, B gl @)

Replacing ¢ by ¢* and then taking a = ¢ and 8 = ¢/ in (8), we
get

f:n+1 +§:n’“3q ng"

]n—‘rl n—0 n+1
3 i+7
959 |9 754 Co
_ | [qi]qjq o OO] (4145 <k). (9)

Now, taking k = 2,7 =7 = 1in (9), we get

= 2n+1Dg"  [¢% ¢ i
Zl_q2n+1: 274 =¢(q Zt4(n

— g5 %12,

which has the arithmetic consequence

>

d/(2n+1)

which is a known result due to Legendre.

Ramanujan [6] in Chapter 17, page 139, of the second notebook
has mentioned the following identity,
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Z (quzli ¢8< ) = Z ts(n)q"
n=0 n=0

which the following arithmetic interpretation,

tsn) = Z {7@21}3.

d/n+1,d—odd

(b) Bailey’s sum of a well-possed 313 is

i b, ¢, ds qlu(a/bcd)" _ lg,q/be, a/bd, a/cd; gl
[a/b,q/c,q/d;qln  la/b,q/c,q/d,q/bcd; gl

n=—0oo

which can be re-written as,

i, Z b, ¢, d; qn(1+q")(q/bed)”  [q,q/bc,q/bd, q/cd; q]oo

abale,a/dde - abalea/dabedige

n=1

The above relation can also be deduced from the well known basic
bilateral analogue of Dixon’s summation, (cf. Gasper-Rahman [5];

App.II(I1.32)]). Now, taking b =c=d = —1 in (10), we get

n

1+8Z 1+q = [qq,qjl] = ¢*(—q). (11)

Now, replacing ¢ by —¢ in (11), we have

n

- q _ 4
1+8;W—¢(q)- (12)
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Now, (12) can be interpreted as

¢'(q) = Y _ g 14%2# +821+
-l Y mar X s

n>1,n—odd q” n>2,n—even
ng" ng" ng"
= 148 ()
TLZZl 1- q” n22;even 1+ qn 1= qn

2n

- Y )

l—¢q
n=1 n>2n—even

o0 n o0 Ana*™
- 1+8{21T]qn_z:11ﬁqq4n}

n=1

which implies that

143 g =148 YD M )
n=1

R
4 does not divide n

Now, equating the coefficients of ¢" on both sides of (13), we get,

”y4(n) =8 Z d.

d divides n but 4 does not divide n

Again, letting d — oo in (10), we get

- i (—1)"q"™ D21 + ¢")[b, ¢; qlula/be)”  [q,q/bc; qlo

[q/b,q/c]n a/b,a/c; dlw (1)

Now, setting b = ¢ = —1 in (14) and replacing ¢ by —¢ in it, we get

)/261"(”“)/ Cle-dh
1+4Z 2 o ¢ (). (15)
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Thus, we have

) o0 oo q4n—3 q47’L—1
Fa) = e =1+ (-
n=0 n=1 -4 —q
o0 dnt1 An+3
q q
= ;Wz(n)q =1 +4HZ:;{1 g 1o q4n+3}

Now, equating the coefficients of ¢ on both sides of the above relation,
we get Jacobi’s two square theorem,

Ya(n) = 4{di(n) — d3(n)},

where d;(n) is the number of positive divisors of n that are congruent
to ¢ (modulo 4).

The basic bilateral, (cf.Gasper-Rahman [5]; App.II(11.32)), analogue
of Dixon’s summation is

i (14 q"a'/?)[b, ¢, d; gl (qa®?)"

“— (1+a'?)[aq/b,aq/c, aq/d; q]n(bed)"
_[aq,aq/be, aq/bd, aq/cd, qa'/? /b, qa'/? Jc, qa? /d, q,q/a; ¢

~ lag/b,aq/c, ag/d.q/b,q/c.q/d qaV/?, q/al 2, qa*? [bed; qlo

Letting a — 1 in (5), we get

= [b.c.d; gl (14 ¢")(q/bed)"  lq,q/bc,q/bd, q/cd; q]s
LD T afe (4/b, 4/, q/d, q/bed; gl

n=1

which is (10). Now proceeding on the above lines we can again find
the identities (12) and (15) from which y4(n) and ,(n) can be formu-
lated. In entry 25 of Chapter 16 of second Notebook, Ramanujan has
mentioned the following beautiful identities:

o(q) + d(—q) = 26(q")

o(q) — d(—q) = 4q¥(¢%)
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o(@)d(—q) = ¢*(—¢°) (16)

d(a)v(q*) = v*(q) (17)
¢*(q) — ¢°(—q) = 8q¥*(q") (18)
¢*(q) + ¢*(—q) = 26°(¢*) (19)

¢'(q) — ¢*(—q) = 164¢" (¢*). (20)

Now, from (20) we have
Y ouk)d =Y uk)(—)" =16 ya(k)g*™ . (21)
k=0 k=0 k=0

Now, equating the coefficients of ¢?*! on both sides of (21), we get

Further, from (19) we have
Z%(k‘)qk + Z%(—Q)k = 2272(k)q2k- (22)
k=0 k=0 k=0

Now, equating the coefficients of ¢?* on both sides of (22), we get
Y2(2k) = 2v5(k). Again, (18) leads to

S k) = 3 k) (—g)k =83 ta(k)g™ !
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which, on equating the coefficients of ¢***! on both sides, leads to

(4l + 1) = 4ty(k).

Squaring both sides of (17) we get
¢*(0)¥*(*) = ¥*(q)

which leads to
D n(m)g™> ta(n)g™ = ta(k)q". (23)
m=0 n=0 k=0

Now, equating the coefficients of ¢** on both sides of (23), we get

k

> a2k — 2n)ta(n) = t4(2k).

n=0

Again, squaring both sides of (16), we get
¢*(@)¢*(—q) = 6" (=%,

which can be put in the form
D nm)g™ Y nm)(—g)" =D vulk)(=1)k¢".
m=o n=0 k=0

Now, setting m = 2k — n in the above and equating the coefficients of
¢** on both sides,we get

2k

Z(—l)”%(n)%(% —n) = (_1)k74(k)

n=0

which is the same as,

4k

Z(—l)"%(n)%@k —n) = 74(2k).

n=0

Similarly, scores of other relations can also be established.
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